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Abstract 

We demonstrate the close relationship between Chern-Simons gauge theory with 
gauge group Osp(l\2) and N = 1 induced supergravity in two dimensions. More 
precisely, the inner product of the physical states in the former yields the parti- 
tion function of the latter evaluated in the Wess-Zumino supergauge. It is also 
shown that the moduli space of flat Osp(l\2) connections naturally includes super 
Teichmiiller space of super Riemann surfaces. 
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It is important to quantize 2D induced (super)gravity because it describes the dy- 
namics of string world sheet induced by the motion of (super) strings in the background 
without critical dimensions ffl]. A number of interesting phenomena such as the fractal 
structure have been clarified by vigorous works made in the light-cone gauge an d 
in the conformal gauge [[|] JS|. A local expression of the generally covariant action for 2D 
induced bosonic gravity was obtained by Verlinde|£]] in terms of the Beltrami coefficients. 
More precisely, he showed that the partition function of the induced 2D gravity is ob- 
tained from the inner product of physical states in SL(2, R) Chern-Simons gauge theory. 
He also showed explicitly how we can extract the Teichmuller parameters of Riemann 
surfaces from the holonomy of flat SL(2, R) connections. 

In this paper we extend Verlinde's results to 2D N = 1 induced supergravity. Namely, 
starting from Osp(l\2) Chern-Simons gauge theory, we obtain the super-covariant action 
for 2D N = 1 induced supergravity in the Wess-Zumino supergauge. We also demonstrate 
that the moduli space of flat Osp(l\2) connections yields super Teichmuller space of 
DeWitt super Riemann surfaces with arbitrary spin structures. 

Let us begin by briefly reviewing the Beltrami parametrization of supervielbeins in 
2D N = 1 supergravity. A DeWitt super Riemann surface SX|7j is a fiber bundle over 
a Riemann surface £ (with the coordinate reference frame (z,z)) whose fiber is a vector 
space parametrized by two Grassmann odd coordinates (6,6). The supervielbein for the 
rigid superspace is given byQ e z = dz + 6d6, e e = dd and their complex conjugates. Their 
dual vectors are d = J^, D = Jg + and their complex conjugates. According to 



refs. P] |IU| , any supervielbein {E ; A = +,—,1,2} which represents Howe's superspace 



geometry ||11|| can be written as follows: 



E + = pe z , E~ = E+, 

E l = s /p{e e + ^e z D e \n(pp)} , E* = E~\ (1) 

where p is the super conformal factor. e z = dZ + OdO, e e = dQ and their complex 
conjugates constitute a local basis of one- forms on ST. Thier dual vectors are given by 
dz = fa De = A + ^ and thier complex conjugates. 

Because (Z, Z) and (G, G) are smooth scalar functions of corrdinates (z,~z, 6, 9) which 
are Grassmann even and odd respectively, we can expand e z and e e by the rigid basis 

e z = [e z + e~H± + e e H z e + e°H§)A and C.C., (2) 
e e = ( e z + e z m + e e H z + e^H§)r + (e e H° + e z H$ + and C.C. . 



1 We will use the convention of ref. Q for differential forms. As for the complex conjugation of the 
product of two Grassmann odd variables, we adopt the rule (xv) = XV- 
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Here H^ (M, N = z,z, 9, 9) are called Beltrami coefficients and A and r are called 
integrating factors. Owing to the structure equations de z = — e e e e and de @ = 0, not all 
of these coefficients are independent. It turns out that the Beltrami coefficients are local 
functionals of Hq and i7| (and their complex conjugates) and that r is locally expressed 
by A and Hq. Moreover, the integrating factor A is subject to the equation: 



\nA = dm-!idH*. (3) 



HI 

The integrating factor A is therefore regarded as a nonlocal functional of (Hq, H~) which 
is uniquely determined up to superconformal redefinitions of (Z,Q). In consequence, 
2D N = 1 induced supergravity is described by 20 local degrees of freedom which are 
component fields of (Hq, H%, Hj, Hq) and of pp. Instead of pp we will frequently use the 
super-Liouville field $ = ln(ppAA) = <fi + 9\ + @X + O0iF. 2D N = 1 supergravity is 
invariant under graded local Lorentz transformations: p — > e %a p, ~p — > e _lcr p (a is a real 
superfield). The associated covariant derivative for a superfield S of Lorentz weight^ w is 
given byPS = cE + iwSQ, where Q is the graded spin connection 

tt= -ie z d z \n p + ie z dz In p-ie D e \np + ie e DQ In p. (4) 

From this graded spin connection we can calculate the superfield whose 99 component 
yields the scalar curvature |T0|. We will henceforth call this superfield the "supercurvature" 

R 3 = -2(p-py l ' 2 D e D^\n(p-p). (5) 

Because 2D N = 1 supergravity should have symmetry under reparametrizations of the 
super-coordinates (z,~z, 9, 9), there are a large number of choices to fix a gauge. From now 
on we will consider a particular gauge-fixing called the Wess-Zumino (WZ) supergauge 

H z e =0, H§ = 9p + 99(-ia). (6) 

This gauge fixing condition is equivalent to the condition 



Z = Z (z,z) + 9Q JdZ + Q dQ and C.C. 



6 = Q ( z ,z) + eyJdZ + e dQ andC.C. . (7) 

A merit of the WZ supergauge is that all the component fields (except the auxiliary 
field F) appear in the lowest component of the supervielbein. Thus it is convenient to 
introduce the zweibein e ± (z,z) and the gravitino ijj a (z,z) (a = 1, 2): 

e+ = E+\dx m = e ip (dz + pdz), e~ = e+, 

= 2El\dx m = e tp/2 {x(dz + pdz) +iadz}, ip 2 = IjA. (8) 
2 For example, the Lortentz weights of i? ± , E 1 and E 2 are ±1, +h and — i, respectively. 
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Here we have used the notation (x m ) = {z,~z) and the vertical bar denotes the 8 = 8 = 
component. We have also used if to mean the 8 = 8 = component of ln(pA). We 
should note the relation ip + Tp = cf). The spin connection associated with the local Lorentz 
symmetry is given by 



uj = Q\ 



{d - nd)tp - dp + \ax 
—i\dz + jj,dz) 



C.C. 



i-nn 

As a consequence of the torsion constraints [IT] [ID| this spin connection satisfies 

1 



T>e = de + ie uj 
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^V 1 



and C.C. 



(9) 



(10) 



N = 1 supergravity in the WZ supergauge can be regarded as a minimal superex- 
tention of the bosonic gravity in the sense that the theory has residual gauge symmetry 
under general coordinate transformations and local SUSY transformations generated by 
the spinor field parameter (e, e) 



6 SVSY ij l = Ve + \f{iFe^l 2 y 



and C.C. . 



:ir, 



We are now ready to demonstrate the relationship between Osp(l\2) Chern-Simons 
gauge theory and 2D N = 1 induced supergravity in the WZ supergauge. For this purpose 
we first introduce the Osp(l\2) connection 



where a = 1, 2, and ( J iy Q a ) 
algebra: 



A= -uJ 3 -i\e a J a + ij a Q a , (12) 
(i = 1,2,3 and a = 1,2) are generators of the Osp(l\2) 



\Jii Jj] ^-ijkJki [JijQc 



,Ois 

'2i' 



,3 



Qp, {Qa,Qp}^lxQle,p. (13) 



It is possible to represent this connection A by a 3 x 3 matrix-valued one-form. If we 
define e ± = — e 2 ± ie 1 (and J± = —J<i =p iJ±), the connection A is written as 



A 



( 



\ 



2 U 



2 c 



J 



(14) 



We should remark that the bosonic part of this representation yields the SL(2, R) (or 

SU(2)) connection if the parameter A is real (or pure imaginary) ,0 corresponding to the 

case of genus g > 2 (or g = 0). 

3 Note that this is true in the algebraic sense but not literally. Namely, we have to perform the uitary 
transformation A — > A' — e~ % Jl Ae% Jl in order to make the bosonic part SL(2, R)-valued in its original 
sense. The whole connection A' then becomes Osp(l\2; R)-valued. 
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Next we calculate the curvature of the connection. We find 
T = dA + AA(=FJ t + F a Q a ) 

+(V^ - yeV)Qi + W 2 + ye-^)Oa- (15) 

From this expression we see immediately that J r± = is equivalent to the torsion condition 
eg. (|I0D . Moerover, after somewhat tedious calculation, it turns out that the equations 
JF 3 = JF 1 = T 2 = together with the equation F = Ae*^ 2 yield the condition that the 
supercurvature in the WZ supergauge is constant: R3 = 2i\. 
Let us now consider the local gauge transformation: 

5 c A = -dC+[A,C], ( = ( 3 J3 + CJa + e a Q a . (16) 
The result of computation tells us that ( 3 generates local Lorentz transformations and 



that the transformations generated by e a is nothing but local SUSY transformations ( jTT|) 
if we set F = \e^' 2 K As for the transformations generated by ( a , it is closely related to 
diffeomorphisms. This is because diffeomorphisms of the flat connection are generated by 
gauge parameters of the form ( = (, m A m and because we are only interested in the case 
where the zweibein is nondegenerate. 

From the above considerations we expect that Osp(l\2) Chern-Simons gauge theory 
(CSGT) on R x S describes dynamics of super Teichmuller space of super Riemann 
surfaces ST, in the WZ supergauge, because any supervielbein is related to a supervielbein 
with a constant supercurvature by a unique super- Weyl transformation [12||. We will see 



in the following that the dynamics is in fact equivalent to that of 2D N — 1 induced 
supergravity. We will use the canonical quantization. 
The action of Osp(l\2) CSGT is given by 

S = — [ STr(irfi + -AAA), (17) 

4:71 JRxS 3 

where A = dtA t + A and d = dt^ + d stand for the connection and the exterior derivative 
defined on R x S, respectivrly. STr denotes the invariant bilinear form in Osp(l\2): 

STr(JiJj) = 8ij, STr(Q a Qf3) = -y e a/3> STr(JiQ a ) = 0. 

After a (3+l)-decomposition the action becomes 

k 



s = ^ / dt L STr[Ai + 2A:F] = Skm + Sc 
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where A = J^A The second term S con yields the Gauss law constraint T = and from 
the first term Skin we can read off the symplectic structure. In terms of the component 
fields Skin is written as 

Skin = I dt [ (-2u) z dzu-dz + \ 2 e+e~ + iXip 1 ^ 2 ) . (19) 

All J J£ 

Quantum commutation relations of the canonical operators are obtained from the operator 
version of i times the Poisson brackets. We will choose the polarization in which uj (= u> z ), 
e + and ip l are diagonal. In this polarization the wavefunctionals are holomorphic with 
respect to the complex structure equipped with the space of super Riemann surfaces. For 
our purpose it is more convenient to use the parameters (u, <p, /i, x, &) as configuration 
variables. Their canonical conjugate momenta are 



tt. = -—a*, 



k 



n v = ^ : [A 2 e (l-/i/i) + ye </>/2 {xx(l-AtAt)+^Xa + ^X« -««}], 

tt x = ^e* /2 [x(l-A*P)+^a]> K a = -^-(--px + ia). (20) 

On quatization these conjugate momenta are represented by —i times the functional 
derivatives w.r.t. the associated configuration variables: iff = —ijj (/ = u,Lp, n,x-, a )- 

The physical wavefunctional ty[u>, (p,fJ,, x, a] must satisfy the Gauss law constraints: 
JF • ^ — 0. Instead of solving these constraints directly, we will solve a proper set of their 
linear combinations which is classically equivalent to the set of Gauss law constraints 
when the zweibein is nondegenerate. A convenient set is given by 

d 2 zQ 3 = -T\ d 2 z g + = ^e~^ + , d 2 zg i = e-^ 2 ^ i -^-g + , 

A 2 

d 2 zQ- ee -^( e ^-+^ + ) + ^/ 2 (^-M)^ + X^, 

Z7T 47T 
d 2 zQ 2 = _^/2j,2 _i^_m e4> /2g +] (21) 
47T 2 

We adopt the ordering in which the momenta are put on the right of the coordinates. 
Then the operator version of these constraints are written as 

a 27ri 5 2tt 5 
Q = du-— d(— ) + — — , 
k ouj k dip 
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"~ ia , _ . _ „ 1 „ . 27ri 5 

£ x = — — (ay? + ^) _ % ool + (o — jio— -oli)x + 



2 v y J v r~ 2 fc 5% 

£~ = (eta + iu — d) (d — fid — 2dfi) — 

dip o/i 

+{ l aa + \ aa) j. + \ {ax . xd) ^ (22) 

Now we can solve the constraint equations Q 1 ■ \& = (J = 3, +, — , 1, 2). The pro- 
cedure is almost parallel to that in the bosonic case|J. Namely, we first determine the 
^-dependence of ^ by solving Q+ ■ = and then determine the (</?, x)-dependence by 
solving G 3 ■ = Q 1 ■ ^ = 0. The result is 

r ix 2 



/• 1 — 1 

5i[^,/i,x,a] = J^d 2 z{--dipdip + Li(-(dp) 2 -&ip) 



1 — i 
+ g X(d - nd)x - -Xad^ - ixda] . (23) 

By substituting this form of the wavefunctional, we can reduce the remaining constraints 
Q~ ■ ^ = Q 2 ■ ^ = to the following equations for the functional ^{jj,, a]: 

oil 2 2 oa Zti 
S- *fr,a] = Q,S = {d- l id-\dLL)j- + \aj-+ l ^d 2 a. (24) 

These equations are nothing but the Virasoro Ward identities for a superconformal field 
theory. These identities specify the transformation laws of superconformal blocks under 
diffeomorphisms and local SUSY transformations [13]. A solution to these identities is 
known to be of the following form [13| 

= exp(— S v [ti,a])y[ti,a], 

Z7T 



S v \p,a] = -- J d 2 z J d 2 6H^dD\nK 



1 r *zl<e»° Z -«™D{* Z+ *?*Y (25) 



2 7s J dz + eoe \dz + eoe 

where (Z, B) are given by eq.(^) and ^[fJ,, a] is a functional of Beltrami differentials which 
is invariant under diffeomorphisms and local SUSY transformations. Thus we obtain the 
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physical state of Osp(l\2) CSGT in our polarization: 

*[w,¥>,^,Xja] = ex P{^- (.So[w,(p,H,X><x] + Sl[<P,H,Xi<x] + S v \p, oi])}^[/i, a]. (26) 

In order to discuss the dynamics of CSGT we have to consider the inner product. 
Because the Hamiltonian in CSGT is a linear combination of Gauss law constraints, the 
transition amplitudes in CSGT reduce to the inner products evaluated at a fixed time. In 
our polarization, the physically relevant inner product which yields the correct Hermitian 
conjugate condition is 

< ^i|^ 2 > = J [duode+de'd^dtp 2 } exp J {-2u z dzu^dz + X 2 e + e~ + iXip 1 ^ 2 )) 

x^ 1 [co z ,e+,^ 2 [co z ,e+,^}. (27) 



If we substutute eq.(p6|) for and \l/2, then the u integration is easily performed and we 
are left with 

< *x|* 2 >= J [de + de-d^d^ 2 } exp «]§ 2 [/i, a], (28) 

where Sq^q) = Sl + K\p, /Z] + Sy\p, a] — Sy\}i, a] + S\. Here Sl, K\p, /Z] and S\ stand for 
the super-Liouville action, the super-extension of Verlinde's local counterterm and 
the cosmological term in the WZ supergauge, respectively: 



S L = / d 2 z 



- { (d(p - fid<f> + iax)(d(p- fidcp - iax) - J (ax) (ax) } 



2(1 -///Z) 2 
+^x(d - yu<9)x + ^X(<9 - ~pB)x - «X<9" + «X^a 

1 — Hfl 2 1 — fifi 2 



km = f^z I ^- F {diidp-^(dfj.) 2 -^(dp) 1 



Sx = ~ y / e + e" - ^ / V>V- (29) 

After a lengthy and tedious calculation we see that the integrand in eq.(p8|) is indeed in- 
variant under diffeomorphisms and local SUSY transformations (|TT|). The exponent Sq^c 
therefore yields a natural super-extension of the generally covariant action for 2D induced 
bosonic gravity. Thus we can conclude that the inner product of the physical states in 
Osp(l\2) CSGT, eq.(P%D, gives rise to the partition function (or transition amplitudes) of 
2D N = 1 supergravity in the WZ supergauge. 
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Next we consider the observables. In CSGT on a manifold with topology R x E, the 
connection A on E is always constrained to be flat, and only global objects such as Wilson 
loops or holonomies are relevant. In the following we will demonstrate that the space of 
holonomies constructed from the flat Osp(l\2) connections A is closely related to super 
Teichmiiller space of DeWitt super Riemann surfaces. We restrict our discussion to the 
case of genus g > 2 (i.e. A: real). 



According to the uniformization theorem for super Riemann surfaces ||15|| , any genus 
g > 2 super Riemann surface of Dewitt type [0 (with a constant supercurvature) is repre- 
sented as a quotient of the super-upper-half plane SH equipped with the super-Poincare 
geometry by a discrete hyperbolic subgroup of Osp(l\2; R). This implies that super Te- 
ichmiiller space is represented as the set of homomorphisms of ^(E) into Osp(l|2;R) 
modulo overall conjugations. What we have to examine is whether the holonomy of a 
flat Osp(l|2;R) connection directly yields such a homomorphism. This is achieved by 
extending the result of the bosonic case|| to the case of supergravity. 

We first note that the canonical supervielbein with the constant supercurvature R3 = 
2iX, i.e. the super-Poincare geometry, is characterized by the conformal factor 



2 e ry(z, z,0,0) 

P = 7^ t# TTtt' 



A Z -z-ee- (30) 

where 7(2, z,9,9) is an arbitrary phase factor which is real. In the WZ supergauge the 
corresponding zweibein, gravitino and spin connection are 



2 gi7o(z,2) 



,Zo 



2e 



ijo(z,z) \ l / 2 



e -e c 
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— (dZ + dZ + @ d@o 

"0 



A S J 
+ Q Q dQ ) - d-f (z,z) 



— 



and C.C. 



(31) 



where we have used the notation S = Z — Z — ©oOo, e = dZ + o rf0o, e = dQo 
and 70 = 7). Substituting these into eq.([L4]), we find that the Osp(l\2; R) connection A 
is locally expressed as a pure gauge A = —g~ x dg with 



/ 'TO 
/ fi 2 
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4 Z y/ C 



»7Q 
2 



4 ZnV-C 



122. 

e 2 



-1 



V 



v —0 

-r 2 + 4 eov^o 



e 2 4 y/~ Q 
_ 22Q__ 7Ti-5- ^ 1 

-6 2 4 n 



-0 



(32) 



/ 



(Q Z -& Z )(~ ) 

(eo-eo)^)- 1 
1 - eoeo(Ho)- 1 

Because the connection A does not have to be pure gauge globally, the Osp(l|2)-valued 
field g(z,z) is not necessarily single-valued on E. When one goes around any non- 
contractible loop f3 on the surface E, g(z,z) in general transforms as 

b b5 

g — ► h[j3] ■ g, h[(3) = I c d dS + ce I , (33) 
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where a, b, c, d e R are Grassmann even constants, 5 = 5 and e = e are Grassmann odd 
constants, and the relation ad — bc = l—5e holds. This is nothing but the holonomy 
of the Osp(l|2;R) connection A around the loop /3. This left multiplication induces the 
following transformation of (Z , Z , O , O , 70): 

z _^ aZ + b | e (-5Z + e) @ > -£Z + e O and c c 
cZ + d (cZ + d) 2 ' cZ + d cZ + d ' 

/cZ o + d + o (d<5 + ce)\ 

7o — ► 7o - « In =r— 7— W-T7F- x • 34 
\cz + d + <d>o{d5 + ce) J 

In the WZ supergauge, the transformation of (Z, Z, 0, 0) can be read off from that of 
(Z , Z , O , ©o)- In the present case both transformations coincide. Namely, we find 

aZ + b , e(-6Z + e) -5Z + e 6 

(cz + d y ' e ^^TT + ^Trf andC - a - (35) 

This is the super-Mobius transformation which plays the essential role in the uniformiza- 
tion theorem. If we regard (Z, Z, 0, 0) as a complex coordinate system which maps the 
super-Riemann surface 5E into the super-upper-half plane SH, the holonomy group of 
the flat Osp(l\2; R) connection A turns out to be identical to the discrete group by which 
SH is divided out. Thus we have explicitly shown the close relationship between the 
moduli space of flat Osp(l\2; R) connections and super Teichmuller space. 

Here we comment on spin structures. A spin structure specifies whether or not the 
fermionic coordinate flips its sign when one goes around each cycle (3 on E. This is 
determined by the signature of d (or c if d — 0) in the Osp(l|2;R) holonomy h[f3\. In 
the bosonic case, we cannot distinguish the difference between the identity (a = d = 1, 
b = c = 5 = e = 0) and the inversion (a = d = —1 and b = c = 5 = e = 0) and thus a 
Mobius transformation is isomorphic to an element of PSL(2,H). In the super case, on 
the other hand, the inversion is essentially different from the identity because the former 
yields the spin stricture which is distinct from that of the latter. Owing to this property, 
a choice of Osp(l|2; R) holonomy naturally specifies a unique spin structure. 

To summarize the results we have seen that Osp(l\2) Chern-Simons gauge theory 
describes the dynamics of 2D iV = 1 induced supergravity in the Wess-Zumino supergauge. 
Physical inner products of Osp(l\2) CSGT yields the partition function (or transition 
amplitudes) of 2D iV = 1 quantum supergravity. From the holonomy of the Osp(l\2) 
connection we can extract the spin structure and the super Teichmuller parameters of the 
super Riemann surface SH. 

Is there any possibility of exploiting these consequences? In this paper we have used 
the polarization in which (cu z , e + , ip l ) are diagonal and obtained the partition function of 
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2D N — 1 induced supergravity. On the other hand, in the holomorphic polarization in 
which A z is diagonal, it is well known that the physical wavefunctional is given by the 
exponential of the Osp(l\2) WZNW action[16[] in the case of a trivial topology.^ Using 
the Polyakov-Wiegmann identity pT[| , the inner product in the holomorphic polarization 



reduces to the partition function of the twisted Osp(l|2; C)/Osp(l|2; R) WZNW model. 
Because the G c /G WZNW model is a conformal field theory which is well studied]TP|], this 



may help the description of 2D induced (super)gravity. Before using such a description, 
however, we will have to establish the direct relationship between the G c /G WZNW 
model (with G = SX(2, R) or Osp(l|2;R)) and 2D induced (super) gravity. This is not 
so easy and is left to the future investigation. 

As a by-product, we have obtained the generally super covariant action Sqsc 1 in the 
WZ supergauge. Actually this action can be obtained from the expression 



S GSC = I d 2 Zd 2 Q 



-D e ln(pp)D@ln(pp) + 2i\y/pp 



(36) 



which is manifestly invariant under reparametrizations of super-coordinates: (z, z, 8, 9) — > 
(z',z', 6', Q'). This Sqsc is therefore regarded as a local expression of the generally super 
covariant action for 2D N = 1 induced supergravity. Using this Sqsc as a startpoint, we 
can obtain the action in an arbitrary gauge simply by fixing the gauge. This may open a 
way to make a further breakthrough in 2D quantum supergravity. 
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